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Abstract 



In this paper we study the boundary behavior of solutions of a divergence-form subelliptic 
heat equation in a time- varying domain Q C M n+1 , structured on a set of vector fields 
X = {Xi, ...,X m } with C°°-coemcients satisfying Hormander's finite rank condition. As- 
suming that £1 is an A-NTA domain, we first prove a Dahlberg type estimate comparing 
ui = ojv , which is the A-caloric measure at (x,t) E Qt, and the Green function of H. 
We then prove a backward Harnack inequality, the doubling property for wx, the Holder 
continuity at the boundary for quotients of solutions of H , and a Fatou theorem. 
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1 Introduction 

In this paper, we study the boundary behavior of solutions of the subelliptic heat operator 



»J=1 

The system X = {X±, ...,X m }, m < n, is a set of vector fields with C°°-coemcients satisfying 
Hormander's finite rank condition, i.e., 





the rank of Lie[X 1; X m ] equals n. 
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Moreover, X* denotes the adjoint operator of Xj, which for Xi = J2^)( x )^j is gi ven by X* = 

Obi m 

—Xi — g x . We let H denote the adjoint subelliptic heat operator. 

Let Q C K™ x ]R 4 be a domain (that is, an open and connected set) which is bounded in 
the R™ variables, where the subscript x (respectively t) indicates that we are only concerned 
with the space (respectively time) variables. We will further assume that Q is contained in 
{(x,t) : t > 0} and that (0, 0) lies on the boundary of fl The metric on Q will be d p (x, t, y, s) = 
(d(x,y) 2 + \t — sj) 1 / 2 , where d(x,y) is the Carnot-Caratheodory metric on M. n induced by the 
vector fields X; see (12.31) for a definition. We will assume that Q is an A-NTA domain with 
constants tq and M, see Definition 12.21 In the first sections, Section [3]-Section |5l we will work 
on the bounded domain Qt = & H {0 < t < T}. 

We assume that the matrix A = (ctij(x, t)) in the operator (11.11) is symmetric, bounded, and 
uniformly elliptic, i.e., that there exists A > such that 

m 

Note that uniform ellipticity is only required in m out of n spatial directions, m < n, in contrast 
to the classical case where m = n and Xi = dxi. We also assume that the coefficients are 
smooth. A natural relaxation would have been to assume that the coefficients are merely 
a-H61der continuous functions with respect to the metric d p . However, at present, we are unable 
to derive such results and at the end of this section we shortly explain why. 

Let 8 p VLt be the parabolic boundary of Qt, that is, {(x,t) G dflx '■ t < T}. By using the 
maximum principle of Bony [TJ one can show that there exists, for any / which is continuous 
on d p Q>T) a unique Perron- Wiener-Brelot solution u^ T to the Dirichlet problem 

Hu = in Qrp, u — f on 8 p VLt- 

Using that Q is an A-NTA domain, one can also prove that O p Qt is regular for the Dirichlet 
problem for H, that is, u^ T is continuous on the closure of Qt and achieves the boundary data 
continuously. 

The maximum principle and the Riesz representation theorem yield the representation for- 
mula 

u(x,t) = J f(y,s)du(x,t,y,s) whenever (x,t) G f2r (1-3) 

where u(x,t) = ux{x,t) is the A-caloric or A-parabolic measure at (x,t) associated to the 
subelliptic heat operator H. If E C d p VL T is a Borel set, then u(x,t,E), or the measure of E 
with respect to u(x,t), is the solution of 

Hu = in Q T , u = xe on d p VL T) 

where xe is the characteristic function of the set E. Sometimes we will wish to construct the 
measure u(x,t) with respect to another set than Qt, say, F C M™ x M t . In that case, we will 
denote the measure by u(x,t,F), and the measure of E C d p F will be denoted tu(x,t, E, F). 
By Cj we mean the A-parabolic measure associated to the adjoint operator H. 
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We let S T = {(x,t) E dfl : t E (0, T)} and define the following sets: 

B d (x,r) = {y EW 1 : d{x,y) < r} 
C r (x, t) = B d (x, r) x (t - r 2 , t + r 2 ) 
A(x, t, r) = C r (x, t) fl dpVtT, 

where the last set is defined whenever (x, t) E 8 p VLt- When we say that a constant c depends 
on H, we mean that it depends on n, m, the ellipticity constant A, the vector fields X, and the 
a- Holder norms of the ay. 

Let G(x, t, y, s) be the Green function with respect to the operator H in ( II. ip and the set 
Qt- Our first result is a Dahlberg type estimate comparing the X-caloric measure and the 
Green function for Qt and H\ 

Theorem 1.1 (Dahlberg estimate) Let X = {X\, X m } be a system of smooth vector fields 
satisfying (jl.2p . Let Q C W a+1 be a X -NTA-domain in the sense of Definition \2.2\ with parame- 
ters M, r . Let (xo,t ) E St andr < min{r /2, y(T — to)/4, A/to/4}. Assume that (x,t) E £It 
and that \t — t \ > 5r 2 . Then there exists c = c(H, M, r ), 1 < c < oo ; such that 

c- 1 \B d (x,r)\ G(x,t,A+(x ,t Q )) <u(x,t,A{x ,t ,r/2)) < 

< c \B d (x,r)\ G(x,t,A~(x ,t Q )) ift> t ; 

cr 1 \B d (x,r)\ G(A;(x ,t ),x,t) < u(x, t, A(x , t , r/2)) < 

< c \B d (x,r)\ G(A+(x ,t ),x,t) ift< t . 

Theorem 11.11 is used to prove the doubling condition for the X-caloric measure: 

Theorem 1.2 (Doubling property) Let X = {X 1} X m } be a system of smooth vector fields 
satisfying ( II. 21) . Let Q C W a+1 be a X -NTA-domain in the sense of Definition \2.S\ with pa- 
rameters M, r . Let < 5 1 be a fixed constant and let (xo,t ) E St with 5 2 < t < 
T — 5 2 . Then there exists a constant c = c(H, M, ro, diam(Q),T,5), 1 < c < oo, such that if 
r < min{r /2, y/(T - t Q - 5 2 )/4, y/(t - 5 2 )/4} ; then 

u*(x,t,A(x Q ,t ,r)) < cu*(x,t,A(x ,t Q ,r/2)), 

where u* = u when t — to > 10r 2 while u* = Cj when to — t > 10r 2 . 

Next, we prove the Holder continuity of the quotient of two solutions: 

Theorem 1.3 (Holder continuity of quotients of solutions) Let X = {X\, ...,X m } be a system 
of smooth vector fields satisfying ( 11. 21) . Let Q C IR n+1 be a X -NTA-domain in the sense of 
Definition \2.2\ with parameters M , ro- Let u, v be non-negative solutions to either the subelliptic 
heat equation, Hu = 0, or the adjoint subelliptic heat equation, Hu = 0, in Qt H C^xo^o), 
where r < min{ro/2, a/(T — t — <5 2 )/4, a/ (t — 5 2 )/4}. Assume that u, v vanish continuously 
on A(x ,t ,2r). Then u/v is Holder continuous on the closure of Qt H C r (x , t ). 

Lastly, we prove a Fatou theorem. We define a non-tangential region at P E St as 

T Q (P) ={(z,t)efl: d p (x, t, P) < (1 + a)d p (x, t, d p tt)}, 

and the non-tangential maximal function as N a (u)(P) = sup, xt \ er t P \ \u(x,t)\. 
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Theorem 1.4 (Fatou theorem) If u is a non-negative solution of Hu = in Qt, then the 
non-tangential limit N a (u) exists almost everywhere on St with respect to the measure u. 

Fatou type theorems have a long and rich history. In particular, since the appearance of 
Fatou theorems in the papers [16], [I7J of Hunt and Wheeden on non-tangential convergence of 
harmonic functions in Lipschitz domains, Fatou type theorems have been an interesting area 
of study. Later on, results for second order elliptic equations was obtained by Caffarelli et al. 
in [1] on Lipschitz domain and by Jerison and Kenig in [18] on NTA-domains. It was not until 
1998, some thirty years later, corresponding results was proved in the subelliptic setting by 
Capogna and Garofalo in [6]. When m = n and X,- t = d Xi , we get classical parabolic operators, 
and we refer to the work of Fabes, Garofalo and Salsa, [13], where similar results for parabolic 
divergence form operators was proved. The importance of Fatou type theorems stems, amongst 
others, from the study of free boundaries. For instance, the results in [6] were crucial in the 
proof of the regularity of the free boundary for subelliptic obstacle problems in |8i]. Actually, 
to advance the study of parabolic subelliptic obstacle problems initiated in pU] and [32] was 
our main motivation for carrying out this study. 

In [11] we proved a backward Harnack inequality, Theorem 11.21 and Theorem 11.31 for 
parabolic sub-elliptic operators in non-divergence form on a domain = Q x [0, T). Re- 
sults from this paper cannot apply verbatim to our situation because of our time- dependent 
domain, but several of the proofs in our paper are similar enough that we refer to that paper. 
Another difference is that the proofs in [11] do not use the Green function. Finally, in [21], Mu- 
nive proves some results similar to ours, on cylindrical (not time-dependent) domains Q x (0, T) 
when L in ( 11. II) is given by L = J2Tj=i X*Xj. Note, in particular, that no attempts are made 
to prove Fatou type theorems in |21j . 

We remark that, to our surprise, we were not able to assume that the coefficients a,ij are 
merely Holder continuous, but rather we had to assume that the smooth. The problems 

we encountered, which finally forced us to make this restriction, were (a) the lack of a strong 
maximum principle, (b) estimates on fundamental solutions and (c) the question of which 
domains that are regular for the Dirichlet problem. However, should these results be available, 
our results carries over directly to this more general setting. 

The paper is organized as follows. In Section 2 we provide the reader with necessary back- 
ground information. In Section [3] we prove a backward-in-time Harnack inequality at the 
boundary, see Theorem 13.121 In Section H] we continue our study and prove the Dahlberg es- 
timate in Theorem 11.11 In Section our main result is Theorem 15.31 horn which the Holder 
continuity of quotients, Theorem 11.31 follows. Finally, in Section E] we prove a Fatou type 
theorem, Theorem 11.41 

2 Preliminaries 

2.1 Definitions and notation 

We now define the Carnot-Caratheodory distance between x, y 6 R n , induced by {X\, ...,X m }. 
First, let a piecewise continuous curve 7 : [0, 1] — > M. n belong to S(x, y) if 7(0) = x and = y 
and 

m 

1 
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for every £ G M n ; note that this implies that "/(t) G Span(Xj-(7(t))). Moreover, we let £3(7) := / 
be called the sub-unitary length of 7. Then the Carnot-Caratheodory distance between x,y G 



L n is 



d(x,y) = inf{Z s (7) : 7 G 5(ar,j/)}. 
From [22| Proposition 1.1] we have the following fact: there exist C, e > such that 

C\x — y\ < d{x, y) < C~ x \x — y\ e 

for all x, y G M n . If a; G M n , then we define 

B d (x ,r) := {s G M n : x ) < ?"}. 

Note that for large r the closure of Carnot-Caratheodory balls B d (x, r) may fail to be compact, 
see [151 P- 1086]. But by Chow's accessibility theorem, (M. n ,d) is at least a locally compact 
space, see [7], and we can find Ro > such that the closure of any ball Bd contained in Bd(0, Ro) 
is compact. We will always assume that Q C Bd(0, Ro/2) x (0, 00). Also, again by (22J Section 
3], there exists a function A(x,r) which is a polynomial in r, with coefficients that depend 
on x, where the terms may have degrees between n and Q (the so-called local homogeneous 
dimension of Q). We also have the inequality 

CA(x,r) < \B d (x,r)\ < C- X k{x,r) 

for some constant C. It follows that 

\B d {x,ar)\ <a Q C~ l \B d ( x,r)\ (2.1) 

for a > 1 and B d (x,ar) C B d (0,Ro). Since Q is compact, it also follows that there exists a 
constant C depending on fl, such that 

Cr Q < \B d (x,r)\ < C _1 r n . (2.2) 

Now, let d p (x,t,y, s) = (d(x,y) 2 + \t — sj) 1 / 2 ; then d p is a metric on f2. We define 

£*°(x ,r) := {(a;,t) G : ci(x,x ) < r,t = t }- 

By \B d °(x ,r)\ we mean the Lebesgue measure of B d (x ,r) C M n . If (x,t) G M n+1 , (a; ,to) G 5-r 
and r, p > 0, we let 

C r)P (x, t) := r) x (t - p 2 , t + p 2 ) 

A(x , t , r, p) := Cr )P (x , t ) fl (9 p fi T - 
A cylinder C r ^ p (x, t) is called (M, A)-non-tangential in if 

.1/ ; < < M. 

d(C r Jx,t),dn, T ) 
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Definition 2.1 Assume that (x,t),(y,s) G Qt satisfy (s — t) 1 ^ 2 > r]~ 1 d p (x,t,y, s) for some 
r] > 1. A sequence of cylinders in Qt, C ri ^ pi {x\, t\),..., C ritPl (xi,t[) , will be called a parabolic 
Harnack chain of length I joining (x, t) to (y, s) if there exists a constant c = c(z/) such that 

(j)c(ri)- 1 <?i<c(i 1 )fori = l,2,...,l 
{ii)t i+1 -ti> c(j7) -1 rf , fori = 1,2,..., I 

(iii)C ruPi (xi, ti) is (M, X) -non-tangential in Qt for i = 1, 2, . . . , I 
{iv){x,t) e C ri)P1 (xi,ti), (y,s) G C rhPl {x h ti) 
(v)C n+liPi+1 (x i+1 ,t i+1 ) n C r ^ Pi {xi, ti) ^ for i = 1,2, ... ,1 - 1. 

We will assume that Q is a X-NTA-domain in the following sense: 

Definition 2.2 Let X = {Xi, ...,X m } be a system of smooth vector fields satisfying (\1.2\i . We 
say that the domain Q C M n+1 defined in the introduction is a non-tangentially accessible domain 
with respect to the system X = {Xi, X m }, in the following referred to as an X -NTA-domain, 
if there exists M > 1 and ro > such that the following are fulfilled: 

(i) Given (xo,to) £ St and r < min(r , \Jt Q /2), there exists A+(x ,t ) = (y,s) G f2 with 
s = t + 2r 2 and M~ x r < d(x ,y) < r and d p (A+(x ,t ),d p Q) > M~ x r. Similarly, there 
also exists A~(xo,to) with the time coordinate equal to to — 2r 2 , and A r (xa,to) with time 
coordinate equal to to. 

(ii) Condition (i) withVL replaced by ft . We call the corresponding points A^(xo,t ) , A~(xo,to), 
and A r (x , t ). 

(Hi) If (x, t), (y, s) G satisfy (s — t) 1 ^ 2 > rj~ 1 d p (x, t, y, s) for some rj > 1, and d(x, d£l) > e, 
d(y,dQ) > e, (T — s) > e 2 , t > e 2 and d p {x,t,y, s) < ce for some e > 0, then there 
exists a parabolic Harnack chain of length I joining (x,t) to (y,s), where I can be chosen 
independently of e but depending on i] and c. 

Finally, we need to define Holder continuity with respect to the Carnot-Caratheodory metric: 
Let U C R n+1 be a bounded domain and let a G (0, 1]. Given U and a we define the Holder 
space C°' a (U) as C°> a (U) = {u : U R : \\u\\ c o, a{u) < oo}, where 

IMIc°.«(i/") = \ u \c°^(u) + IMIl°°(c/), (2.3) 
. ( \u(x,t) — u(y,t)\ 

\u\ C o, a (u) = SUp I d ^ x Q ( y s ^ a : \V^) e U i \ X ^) T (y' S ) 

Given a multiindex I = (zi, z 2 , i m ), with 1 < ij < m, we define |J| = m and X 1 u = 
X ix X i2 ■ ■ ■ X im u. Given U, a and an arbitrary non-negative integer k we let C k,a {U) = {u : 
U — > R : | \u\ \c k ' a {u) < °°}) where 

\I\+2h<k 

We also define the class T 2 (U) to be the set of all continuous functions u on U such that d t u 
as well as X(a and XiXjU are continuous on U for all % and j. 
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2.2 The Dirichlet problem 

We will study the Dirichlet problem 

Hu = g in Q T , u = f on 8 p VLt, (2-4) 

where / G C(d p D,T), with C(d p VL T ) denoting the space of real- valued functions continuous on 
dpQr- First, we have a strong maximum principle which follows from [H Theoreme 3.2]: 

Theorem 2.3 (Strong maximum principle) Let X = {X\, X m } be a system of smooth vector 
fields satisfying ( 11.21) . and let Qt G MJ 1 be a bounded domain. Assume that u G T 2 (Qt) and 
that u < in Qt- Then the following hold: 

1. If Hu > in Qt an d if u(xo,t ) 

(x,t) ett T n{t:t< t }. 

2. If Hu > in Qt and ifu(xo,to) 
(x,t) ett T C){t:t> t }. 

The following theorem shows that we can solve the Dirichlet problem on X-NTA domains 
and that all points in 3 p VLt are regular for this problem. 

Theorem 2.4 Let X = {Xi, X m } be a system of smooth vector fields satisfying ( 11. 2p . Let 
n T C R n+1 be an X-NTA domain and let f G C(d p VL T ) and g G C 0,/3 (O ) for some < (3 < a 
and some neighborhood Qq D Qt- Then there exists a solution u G C 2,i3 (Qt) H C(8 p Qt) to the 
problem in (12 .4j) . 

Proof: This follows from Theorem 4.1 in Uguzzoni [24J. We only need to prove that X-NTA 
domains satisfy the exterior d-cone criterion, which is simple, but we write it down for the 
reader's convenience. By definition, this criterion is satisfied if there exists 8 > such that for 
every r < 2r we have 

| J B*°- r2 (x ,r)\n^| >9\B d (x ,r)\. 

To see that this is so, observe that if Qt is an X-NTA domain and if A~(xo,to) = (x\,ti), we 
h&veB%(xi,r/M) C and since A~(x , t ) G B$- r2 (x , r), we can find a ball B^- r \x', r/2M) C 
B t °~ r2 (x ,r) n We now have 

|B*T r V > /2M)| > (4M)- Q |5*°- r2 (x',2r)| > (AM)- Q \B d (x , r) |. 

□ 

Note that this theorem is actually proved for operators in non-divergence form in [24J, 
whereas our operators are in divergence form. However, since the coefficients are smooth, 
and due to the shape of the adjoints X*, see below (II. 2p . the results extend to our situation. 

Now that we know that all points in 8 p Qt are regular for the Dirichlet problem in (12 ,4p . we 
recall the X-parabolic measure ux from the introduction (see ( II. 3p and below). 

By using the simple geometrical argument in Lemma 6.4 in [20J, one can show that M. n+1 \ 
Cn(xo,to) satisfies condition (ii) in Definition I2.2| and thus it also satisfies the uniform exterior 
d-cone condition, and one can solve the Dirichlet problem there (but we stress that the set is 
not in general X-NTA). The same is true of the intersection of two sets that satisfy condition 
(ii) in Definition 12.21 This is used to prove the following lemma (Theorem 6.5 in |20j): 



= for some (xo,t ) G Qt, then u(x,t) = whenever 
= for some (xo,t ) G Qt, then u(x,t) = whenever 
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Lemma 2.5 Let D G M. n be open and bounded. Then, for every 5 > there exists a set Ds such 
that {x G D : d(x,d p D) > 5} C Ds C D, and the cylinder Ds x (t l5 1 2 ) satisfies the uniform 
exterior d-cone condition. 

Note that the cylinder Ds x (ti,t 2 ) is thus regular for the Dirichlet problem, and has an 
X-parabolic measure. 



2.3 Preliminary estimates 

We will need the following results for future use. First, we have the interior Harnack inequality, 
see [2j Theorem 19.2] or [5j Theorem 1.2]: 

Lemma 2.6 (Harnack inequality) Let < h% < h 2 < 1 and 7 G (0,1). Assume that u G 
T 2 (B d (x ,r) x (to — r 2 ,t )) fl C(B d (xo, r) x [£ — r 2 ,t ])- Then there exists a positive constant 
c = c(hi, h 2 , 7, r , X) such that for every r < r , (x , t ) G M n+1 , 

max u < cu(xo,t ) 

B d (xo,-yr)x[to-h2r 2 ,to-hir 2 } 

if u is a non-negative solution to the heat equation Hu = in Bd(xo,r) x (£ — r 2 ,to), while 

max u < cu(xq, t Q ), 



B d (x ,-yr)x[t +hir 2 ,t +h 2 r 2 ] 

if u is a non-negative solution to the adjoint heat equation Hu = in B^xq^t) x (t Q — r 2 ,t )- 

We will also need a Cacciopoli (energy) estimate. 

Lemma 2.7 Take a non-negative function u in C2 r (x,t) such that Hu < 0. Then we have 

f d(u 2 ) c f 

\Xu\ 2 dyds + / — — dyds < — / u 2 dyds. 

C r (x,t) JC'r(x,t) ^ s r Jc 2r (x,t) 

Proof: By Theorem 1.5 in [15] we can find a cut-off function ip G C^°(C2 r (x,t)) such that 
= 1 on C*2r(x,t) and \Xip\ < c/r. The lemma is then proved by standard methods using 
partial integration, see also Lemma 3.1 in [9]. □ 

Next, we need estimates for the fundamental solution, and a solution of the Cauchy problem 
in M n x [0, T]. Theorem 10.7 in [2] give, respectively, 

Lemma 2.8 There exists a fundamental solution T(x,t,£,r) for H on M. n+1 and constants c\ 
and C2 depending on X and T , such that 

exp(-c 2 d(x,£) 2 /(t-T)) < t < ci exp(-d(x,Q 2 /c 2 (t - r)) 

ci\B d (x, \Jt t) I ~ v ~ \B d (x, y/t-r)\ 

if < t — r <T and x, £ G Further, T(x, t, r) = /or r — r < 0. 

Lemma 2.9 Lei /i > and T > be such that fiT is small enough. Take g G C(IR n ) such that 
\g(x)\ < cexpfid(x, 0) 2 /or some constant c > 0. T/ien 



u(z,t)= / r(x,t,e,o)p(o^ 

zs a solution to Hu = in M. n x [0, T] un£/i t/ie initial condition u(x, 0) = ^(x). 
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3 A backward in time Harnack inequality at the bound- 
ary 

In this section we consider non-negative solutions to the subelliptic heat equation Hu = and 
to the adjoint subelliptic heat equation Hu = in Q?- We note that the adjoint subelliptic 
heat equation is given by 

m 

Hu = d t + 2J X*(aij(x,t)Xiu). 

The following will be used as assumptions in most lemmas and theorems from now on: 

Let X = {Xi, ...,X m } be a system of smooth vector fields satisfying ( 11. 21) . (3.1) 
Let Vl T C R n+1 be an X-NTA-domain. 

Lemma 3.1 Assume A3. 1\) and let (y±, Si), (y 2 , s 2 ) G suppose that (s 2 — Si) 1 / 2 > rj~ 1 d p (yi, Si,y 2 , s 2 ) 
for some r\ > 1; and that d(yi,dQ,T) > e, d(y 2 ,dQr) > e, (T — s 2 ) > e 2 , si > e 2 and 
d p ((yi, si), (y 2 , s 2 )) < ce for some e > 0. Then there exists a constant c = c(H,T),c,ro) , c < 1, 
such that 

u(yi,si) < cu(y 2 ,s 2 ), 
if u is a nonnegative solution to the heat equation Hu = in Qt, while 

u(y 2 ,s 2 ) < cii(j/i,si), 

if u is a nonnegative solution to the adjoint heat equation Hu = in Qt- 

Proof: This is proved by using the parabolic Harnack chain from Definition I2.2[ and applying 
Lemma 12.61 in each cylinder. We omit the details. □ 



Lemma 3.2 Assume A3. let (xo,to) G St, and let r < min(r /2, \fT — to/4, y/to/4}. Let u 
be a non-negative solution to either the subelliptic heat equation, or the adjoint subelliptic heat 
equation, in Q T fl C ir (x ,to), and assume that u vanishes continuously on A(x ,t ,2r) . Then 
there exist constants c = c(n, M, r ), c> 1, and 7 = 7 (if, M, r ) > 0, such that 

u(x,t)d p (x,t, S T y < cr 7 -u(A+(x , t )), 
if u solves the heat equation, and 

u{x,t)d p {x,t, St) 1 < cr' 1 u(A^(x ,t )), 

if u solves the adjoint heat equation, whenever (x,t) G Qt H C r (xo,t ). 

For a proof, see Lemma 3.1 in [TT]. In fact, we can use that proof almost word for word, 
but be aware that v4+(xo,to) and A~(xo,to) are defined differently, since the domain in [TT] is 
not time-dependent. Using a similar argument we can prove the following lemma; 
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Lemma 3.3 Assume ( fff.ij) . let (xo,t ) G S't, and fet r < min(r /2, \JT — to/ A, v^o/4}. Let w 
6e a non-negative solution to the subelliptic heat equation in Qx ^C^Xq, to), and assume thatu 
vanishes continuously on A(xq, to, 2r) . Then there exist constants c = c(H, M, r ) , c > 1, and 
7 = 7(71, M, ?~o) > ; such that 

u(A~(x ,t )) < cr' y u(x,t)d p (x,t, <9 p f2 T ) -7 

whenever (x, t) G fi^-nCV^o, to)- //? on toe oi/ier nand, u is a solution the adjoint heat equation, 
then, under the above assumptions, 

u(A^(x 0l t )) < cr 1 u(x ) t)d p (x ) t ) d p VL T )' 1 
whenever (x, t) G Qt H CV(xo, to) ■ 

Lemma 3.4 Assume $3.1\) . Let (xo,t ) G St one? /et r < min{r /2, \/T — to/4, A/to/4}. Tnen 
t/iere exists a constant c = c(H, M, ro) such that 

u x {x,t,A(x ,t ,2r)) > c (3.2) 

and 

u x (x, t, A(x Q , t , 2r)) > c (3.3) 

for (x,t) en T n C r (x ,t ). 



Proof: By Lemma 12.51 we can choose a set U which is regular for the Dirichlet problem 
and such that B d (x ,r) C U C B d (xo,2r). Let C :— U x [t — 2r 2 ,t + 2r 2 ]. Let y be 
defined by (yo,to — 2r 2 ) = A~(x ,t ). By Lemma 12.51 we can also find a set U' which is 
regular for the Dirichlet problem such that B d (y , r/2M) C U' C B d (y , r/M). Define C" : = 
U' x [t - 2r 2 ,t - 2r 2 + r 2 /(4M 2 )] and B := U' x {t = t - 2r 2 }, or the bottom of C; then 
C" c C \ fi T . 

Now, we let v(x,t) = u>x(x,t, B,C) and v'(x, t) = uj x (x,t, B,C). By the maximum prin- 
ciple, we have cox(x, t, A(x , t , 2r) > t>(x, t) in fi r fl [7 and thus also in Q T fl C r (x ,to), and 
v(x,t) > v'(x,t) in C By the Harnack principle, we have 

inf ujx(x, t, A(xo, to, 2r) > inf f(x,t)> 

f7 T nCV(iE ,t ) n T nC r (a;o,to) 

We can extend the function v' to the cylinder 



C = U' x 

by setting 



.2 r 2 



t -2r"- — — ,t -2r z + 



4M 2 ' u 4M 2 



v(x, t) = u x (x, t, d p C n {t < t - 2r 2 }, C), 

that is, extending v' by setting it as 1 below B. We now apply the Harnack inequality to v' in 
C and obtain 

v' (y , t - 2r 2 + = v (y , t - 2r 2 + > c' 1 ^ t - 2r 2 ) = c~\ (3.5) 
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Combining (E3D and <^ and (Q follows. 

To see that (13.31) also holds, let i/ be such that (i/ , t + 2r 2 ) = A^(xo, t ) and let U' be a set 
which is regular for the Dirichlet problem, such that Bd(yo, r/2M) C U' C Bd(yo,r/M). Then 
we define C" := C/' x [t + 2r 2 - r 2 /(4M 2 ), t + 2r 2 ] and B := U' x {t = t + 2r 2 }, the top of C. 
Now we can argue in line with the proof of (13. 2D . We omit the details. □ 



Remark 3.5 Note that we can actually extend Lemma \3^\ to the set {(x, t) £ dflr '■ t — 0}. 
The proof there is much simpler, but uses the same idea. 



Lemma 3.6 Assume 113.1]) . Let (x ,t ) £ St and let r < min{r /2, y/T — t /4, Let u 

be a non-negative solution to either the subelliptic heat equation or the adjoint subelliptic heat 
equation in Qt H C*4 r (xo, to)- Assume that u vanishes continuously on 8 p VLt H C 2r (x , t ). Then 
there exist constants c = c(H, M, r ), c> 1, and a = a(H, M, r ) £ (0, 1), such that 

i +\ ^ ( d P {x,t,Xo,t )\ 
u(x,t) < cl — I sup u 

V r / n T nc 2 r{xo,to) 



whenever (x,t) £ Qt H C r (xo,t ). 



Proof: First, assume that u is a solution to the subelliptic heat equation. We will prove that 
there exists a = Q(H, M, r ) £ (0, 1) such that 

sup u < 6 sup u. 

n T nC r (x ,to) sl T nC2r(a;o^o) 

By Lemma 12.51 we can choose a set U which is regular for the Dirichlet problem and such that 
B d (x ,3r/2) C U C B d (x ,2r), and let C = U x [t„ - 4r 2 , t + 4r 2 ]. If (x,t) £ n T nC r (x ,t ) 
we have 



u(x } t) = I udoj(x,t,y, s,Q? H C) = / udu(x, t, y, s, &t H C) < 

Jdp(n T nc) Jn T r\dpC 

< sup a firn9pC,O r nC) = 

\n T nC 2 r(a;o,to) / 

sup « (i-u(i,^ p fl T nc,n T nc)). (3.6) 

Q T nC 2 r(2- , o,<o) / 

It is enough to prove that w(x, t, 9 p fiy fl C, fi^ PI C) > c, and this is done in the same way as 
in the proof of Lemma 13.41 

We now iterate the procedure, and get u(x, t) < sup nTnC2r ^ X() t( ^u if (x,t) £ Qt H 
C~ /2 (x ,t ). Continuing like that, u(x,t) < 6 fc swp nTnC2r ^ to) u if (x,t) £ Q T n C 2 -fc+i r (:ro, *o)- 
In fact, u(x,t) < © fe sup aTnC2r ( a , 0jio - ) it if 2 _fc r < d p (x,t,x ,t ) < 2~ k+1 r. We want to show that 



k ^ I "P 



C?p(x, t, Xq, to) 
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when 2~ k r < d p (x,t,x ,t ) < 2~ fc+1 r. In fact, we have (d p {x, t, x , t )/r) a > 2~ ak > (2- a ) k , 
so we let a satisfy 2~ Q = 0, which completes the proof when u is a solution to the subelliptic 
heat equation. If u is a solution to the adjoint subelliptic heat equation, the proof is similar, 
the only difference is that we must replace u in H3 .61) by a). □ 

Lemma 3.7 Assume Ii3. Let (xo,to) £ St an d let r < min{r /2, \JT — to/4, y/t^/A}. Let 
u be a non-negative solution to either the subelliptic heat equation or the adjoint subelliptic 
heat equation in Q T fl C ir (x , t ). Assume that u vanishes continuously on A(x , t , 2r). Then, 
whenever (x, t) G Q T fl C r (x , to); there exists a constant c = c(H, M, r ), c> 1, such that 

u(x,t) < cu(P r (x ,t )), 

where P r (x ,t ) = A+(xo,t ) if u solves the subelliptic heat equation and P r (x ,to) = A~(x ,t ) 
if u solves the adjoint subelliptic heat equation. 

Proof: This follows from Lemma 12.61 Lemma 13.61 and a classical argument by contradiction, 
see the proof of Theorem 3.1 in [23]. □ 

Lemma 3.8 Assume §3.1\) . Let (x ,t ) G St and let r < min{r /2, y/T — to/4, Let 
u be a non-negative solution to the subelliptic heat equation in Qt- Assume that u vanishes 
continuously on 8 p VLt \ A(xo, to, r/2). Then there exists a constant c = c(H,M,r ) such that 

u(x,t) < cu(A+(x ,t )) 

whenever (x, t) G Qt \ Cr(^o, to) ■ 

Proof: On account of the maximum principle, it is enough to prove the statement on the set 
D = dC r (x , t )nf2 T . This set can be divided into the two sets A = {(x, t) G D : d p (x, t, d p Qx) < 
r/8} and B = D \ A. On the set B, we use the interior Harnack principle. If (x,t) G A, we 
have (x, t) G C r /g(P), where P G 8 p VLt is a point such that d p (x,t,P) = d p (x , t , dpflr) ■ Since 
u vanishes continuously on A(P, r/4), we can use Lemma 13.71 to draw the conclusion that 
u(x,t) < cu(A^, 8 (P)). We know that d p (A^ 8 (P), 8 p VLt) > r/8M, so we can use the interior 
Harnack principle again to conclude that u(A^ s (P)) < cu(A+(x ,t )). □ 

Lemma 3.9 Assume 113. Let (xo,to) G St and let r < min{r /2, \JT — 1 /4, Let 
u be a non-negative solution to the subelliptic heat equation in Qt- Assume that u vanishes 
continuously on 8 p Qt \ A(xo, to, t/2). Then there exists a constant c = c(H,M,ro) such that 

u(x,t) < cu(A+(x ,t ))ujx(x,t,A(xo,tQ,2r)) 

whenever (x, t) G Qt \ C r (xo, t ) . 

Proof: This follows from Lemma 13.81 and Lemma 13.41 □ 



12 



Lemma 3.10 Assume A3. Let u be a solution to either the subelliptic heat equation or to 
the adjoint subelliptic heat equation in Q?- Assume that u vanishes continuously on St- Let 
5 < 4ro and let D$ denote the closure of the set {{x,t) G Qt '■ d p (x,t,d p QT) > 5}; then there 
exists a constant c = c(H, M, r , 8, diam(QT),T) such that 

max«(s,t) < cmmu(x,t). 

D s D s 

Proof: First, let u be a solution to the subelliptic heat equation. Since u is continuous on the 
compact set Ds, there exist (x\,ti) and (x2,t 2 ) in Ds such that min^ u(x, t) = u(xi,tx) and 
maxD s u(x, t) = u(x2,t 2 ). 

We define n m ,T\ = {(M) e tt : t e ((5/2) 2 ,T)}, A = {(x,t) G Q : t = (5/2) 2 } and 



We have 



B={(i,t)efl:i=(-| +2(-) ,d p (x,t,dSl) > gu 



u(x 2 ,t 2 ) < sup u < sup-u 

^[«/2,T] ^ 

by the maximum principle, and we aim to prove that sup^ u < csup B u. If (a;, i) G A and 
d p (x,t,dQT) > 5/8, then we can apply the Harnack principle to reach a point in B. If 
is closer to the boundary, we can apply Lemma 13.71 with r = 5/8. Finally, we take a point 
(y, s) G B such that u(y, s) = max^ u, and by the Harnack principle we have u(y, s) < cu(xi,ti), 
which completes the proof for solutions to the subelliptic heat equation. If u is a solution to 
the adjoint subelliptic heat equation, we replace fl[s/2,T] with fi[o,r-5/2], an d let A = {(x,t) G 
Q :t — T — (5/2) 2 } and 

s = j(M)en:t = r-(0 -2^0 ,d p (x,t,dQ)>-^ 

Then we argue as above, and this completes the proof. □ 

Now we prove a technical lemma that we need in order to prove the backward Harnack 
inequality. Let 

^1 = CKr,r(Xo, t Q ) fl Qt- 



By Lemma I2.5[ we can find a set B which is regular for the Dirichlet problem and such that 

B d (x , (2K - l)r) C B C B d (x , 2Kr). 
Further, we set Sl 2 = [Bx (t - 3r 2 , t Q + 3r 2 )] n fir- 
Lemma 3.11 Assume A3.1\) . Let u be a non-negative solution to either the subelliptic heat 
equation or the adjoint subelliptic heat equation in Qt- Assume that u vanishes continuously 
on St- Let < 5 <C VT be a fixed constant, and let (x , to) G St, 5 2 < t < T — 5 2 . Then there 
exists K = K(H, M) such that if 

sup-u > (2i^)~ 7 supu 
Hi n 2 

then 

1 

sup u > - sup u. 

Q 2 n{t=t -3r 2 } 2 Hi 
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Proof: Assume that u is a solution to the subelliptic heat equation. For simplicity of writing, 
we assume that sup Ca u = 1, and that t — 3r 2 = 0. We also set sup Ci u = M . Our assumption 
now says that M > (2i^) -7 , and we will prove that sup^ 2n { t=0 } u > M /2 if K is large enough. 
We will prove this by contradiction, so we assume that sup^ 2n { t=0 } u < M /2. 
By using the X-parabolic measure we can write 

u(x,t) = / u(y,s)du(x,t,y,s,il 2 ). 

Now, define Ti = Cl 2 n {t = 0} and T 2 = d p Q 2 \ {Ti U St}- If (x,t) G Q 2 , using the maximum 
principle, we have 

u(x, t) < (sup u)co(x, t, Ti, fi 2 ) + (sup u)u(x, t, T 2 , £l 2 ) < -7ru(z, t, Ti) Q 2 ) + u(x, t, T 2 , Q 2 ). 
ri r 2 2 

(3.7) 

Let G C °°(R n ) be such that < <p < 1, <p = 1 on A2O0, 2(K + 2)r) \ 5 d (x , 2(AT - 2)r) and 
= on 5 d (z , 2(K - 3)r) U (M n \ B d (z , 2(iT + 3)r)). Let $ be the solution to the Cauchy 
problem with as initial data, i.e., recalling Lemma [2.91 we set 



*{x,t)= f T(x,t,£, O)0(£R, 



for x G M n , t > 0. 

As in Lemma 13.41 we prove that $(x,t) > c for (x, t) G By the maximum principle, 
Lemma [2791 and the fact that u is a probability measure, we then have $(x, t) > cu(x, t, T 2 , Q 2 ) 
on Q 2 . 

If (x,t) G Qi, then by Lemma [2.81 

cj(x, t, T 2 , fi 2 ) < c _1 $(x, t) < cT 1 / exp (-c<i(x, y) 2 /r 2 ) dy. 

J B d (x ,2(K+3)r)\B d (x ,2(K-3)r) 

Since a; G B d (x , Kr) and ?/ G B d (x , 2(K + 3)r) \ B d (x , 2{K — 3)r), we have 

dfo y) > d{x , y) - d(x , x) > 2{K - 3)r - Kr = r(K - 6) > CKr 
if is large enough. Hence, 

oj(x, t, T 2 , Q 2 ) < / exp (-cd(x, y) 2 /r 2 ) dy. 

J{y.d(x,y)>CKr} 

By means of the estimate C\x — y\ < d(x,y) and integration on the level sets of \x — y\, one 
can prove that 

u(x, t, T 2 , tt 2 ) < exp(-cK 2 ), (3.8) 

if K is large enough. 

Let (rri,ti) G Q± be a point such that u{x\,t\) = M . Combining (13.71) and (13.81) we get the 
following estimate for Mq if K is large enough; 

M = u{x u h) < M /2 + c' 1 exp(-cK 2 ) < M /2 + (2iTr 7 /2. 
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That is, Mo < (2K)~' y , which is a contradiction. 

When u is a solution to the adjoint subelliptic heat equation, we must use Cj instead of 
u. We simplify notation as above, with the only difference is that we set to + 3r 2 = T. Then 
we define I\ = Q 2 fl {t = T} and T 2 = d p VL 2 \ {Ti U St} and argue as before, using that 
T H (x, t, £, r) = r H (£, r, x, t) is a fundamental solution for the adjoint problem. This completes 
the proof. □ 

We can now prove our backward Harnack inequality: 

Theorem 3.12 Assume / Iff, ij) . Let u be a non-negative solution to either the subelliptic heat 
equation or the adjoint subelliptic heat equation in VLt- Assume that u vanishes continuously 
on St- Let < 5o <C y/T be a fixed constant, and let (xo,to) £ St, Sq < t < T — 5q. Then 
there exists a constant c = c(H, M, r , diam(flT),T, 5), c> 1, such that 

u(x,t) < cu(A r (xo,to)) 

whenever (x,t) G f^r H C r /±(xQ, t ), and for r < min{r /2, a/(T — to — <5 2 )/4, a/ (to _ ^ 2 )/4}- 

Proof: Assume that u is a solution to the subelliptic heat equation. Fix r as in the statement 
of the theorem. Define 

f(a) = a~ 7 sup u(x,t) 

Ca{XQ,to)nflT 

where 7 is the constant in Lemma 13.31 and let f = max{o : r < a < 5o,f{a) > f{r)}. By 
definition of f, we have 

sup u(x,t) < (r/f) 7 sup u(x,t). 

C r (xo,to) Cf(xo,to)nQT 

By Lemma l3.31 we have u(Aj(xn. tn)) < cf 7 -u(A r (xo, to))d p (A r (xo, t ), c^t) -7 , since A r (xo, t ) e 
Cf(xo,t ). If we can prove that 

sup u(x, t) < cu(A7(x ,t )), 
Cf.(xo,to)nQ.T 

we are done, since r/M < d p (A r (xo,t ),d p QT), so that r 7 < M 7 (i p ( J 4 r (xo, t ), <9pflr) 7 . By 
Lemma [3 .71 we have 

sup u(x, t) < cu(Af(xo,t )). 

c f (x ,to)nn T 

Finally, if 5o/2K < f, where K is the constant in Lemma [3.111 we can use Lemma [3. 101 to get 
u(Af(xo, to)) < cu(A^(xo, to)), and we are finished. 

On the other hand, if r < f < 5q/2K, we can use Lemma [3.111 By the definition of f, we 
have f(r) > f(2Kf), that is 

sup u(x, t) > (2i^)~ 7 sup u(x,t). 

Cf.(xo,to)nflT C 2 Kf(xo,to)^T 

Let ill and Q2 be as in Lemma [3.111 but with r replaced with f. We then have 

supw > (2K)~^ sup u, 
n ± n 2 
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since Cf(xo, ^o) H C fti and ^2 C C2Kf( x o, to) H ^t- By Lemma 13. 11[ this implies that there 
exists a point P = (p x ,Pt) £ with Pt = t Q — 3f 2 and 

u(P) > - SUp M 
2 Hi 

We now have 

sup w < supw < 2u(P) < cu(Af(xo,t )) 

Cf. {xo,t )C\VL T fil 

where the last step follows from the Harnack inequality (using Lemma 13.71 first if necessary) . 

The proof is similar when u is a solution to the adjoint subelliptic heat equation, the role of 
A+ and A~ being interchanged. □ 



4 Dahlberg estimates and the doubling property for parabolic 
measures 

Proof of Theorem ll.lt We begin by proving that 

c-^BaixrflGfattA+fato)) < cu(x, t, A(x , t , r/2)), (4.1) 

for t > to- Let T be the fundamental solution to H, and G the corresponding Green function. 
By definition, we have 

G(x, t, A+(x , t )) = T(x, t, A+(x , t )) - / r(y, s, A+(x , t ))du{x, t, y, s), 

J dp fix 

so that G(x, t, A+(xo, t )) < r(x, t, A+(xo, to))- Now, take a(M) such that C2 ar (A^ (xo, to)) C 
Qt, and define 

A = {{x, t) G n T : t = t + 2r 2 } \ C ar/2 (A+(x , t )), 

B = {(x,t) G dC ar/2 (A+(x Q ,t )) :t>t + 2r 2 }. 

If (x,t) G A, then G(x, t, A+(x , t )) = by Lemma ESI so fl4~Tj) is true in A. If (x,t) G fi, 
then Lemma [2781 and (12. ID imply that |£>d(x, r)|r(x, t, v4+(2o, to)) < C- We now prove that 
uj(x, t, A(xo, to, r/2)) > C in B. By Lemma 13741 we have uj(A t /±{xq, t ), A(xo, t , t/2)) > c', 
and if (x,t) 6 5 we can use the Harnack principle, Lemma [3. 11 to obtain 

u(x,t, A(x ,t ,r/2)) > c~ 1 u(A r/i (xo,to),A(x ,to,r/2)) > c~ l c. 

So by the maximum principle, (14. ip holds in the part of Qt bounded below by A and B. 

We now prove that uj(x, t, A(x , t , r/2)) < c|i?d(x, r)|G(x, t, y4~(x , t )) for t > t . Using 
Theorem 1.5 in [15] we can choose G C^°(W n+1 ) such that = 1 on C r /2{xo, to) and = on 
]R n+1 \ C 3r ./4(xo, t ), and moreover \<p t \ < c/r 2 , \X<f>\ < c/r. Then we have 

u(x,t,A(x ,t ,r/2))< / (f)(y,s)duj(x,t,y,s). 
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Since \t — to\ > 5r 2 (and thus <j>(x,t) = 0) we have 
<p(y,s)du(x,t,y,s) = 

= / XG((x,t,y,s)-X(f>(y,s) + G(x,t,y,s)(f) s (y,s)dyds=(*). 
By the Holder inequality, we have 

1/2 



* 



< Cr n/2 ( j \XG\ 2 dyds J + 

+ Cr n / 2 - 1 ( f \G\ 2 dyds\ =(**). 

By using similar methods as in Lemma 12.71 one can prove the following energy estimate at the 
boundary: if a > 1, u < 0, Hu = in C ar (xo, t ) PI then 

/ |Xti| 2 <i|/(is < c/r 2 / u 2 dyds. 

J C r (xo,to)nflT J Car(xo,to)nflT 

Using this, we have 

(**) = cW 2 - 1 f f G{x, t, y, s) 2 dyds) ' =(***). 

Given that \t — t \ > 5r 2 , we know that G(x,t,y, s) is a solution to the adjoint equation 
Hu(y,s) = in CV(£ ,£o)> so by Lemma [3T71 we have G(x,t,y, s) < CG(x,t,A~(xo,t )) for 
(y, s) G C r (x ,to)- This, together with (12. 2p . implies that 

(***)< C\B d (x,r)\G(x,t,A;(x ,t )), 

and we are finished. The adjoint case, that is, bounds for u, can be treated treated analogously, 
once we have noted that T (x, t, £, r) = T H (^, r, x, t) is a fundamental solution for the adjoint 
problem. □ 



Remark 4.1 We note that, by the same methods, we can prove the following parts of Theorem 

EH- 

u(x,t,A(x ,t ,r/2)) < c\B d (x,r)\G(x,t, A~(x ,t )), 

and that 

Lu(x,t,A(x ,t ,r/2)) < c\B d (x,r)\G(A+(x ,t ),x,t), 
if we replace the assumption on t with the assumption that (x,t) £ and x (jL B d (xo,4r) . 

Lemma 4.2 Assume $3. II) . Let < 5 << y/T be a fixed constant, and let (xo,to) £ St, 
5 2 < t < T — 5 2 . Let r < ^min{r , \/T — t — d" 2 , \/t — 5 2 }. Assume that (x,t) £ Qt and 
that \t — to\ > 5r 2 . Then there exists c = c(H, M, r Q , diam(QT),T, 6), 1 < c < oo, such that 

G(x,t,A~(x ,t )) < cG(x,t,A+(x ,t )) ift > t , 
G(A+(x ,t ),x,t) < cG(A~(x ,t ),x,t) ift < t . 
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Proof: We begin with the second statement. Let A~(xo,to) = (y,s) and A~(xo, to) = (y',s'). 
We note that since d(y, xo) < r and d(y', xo) < r, there exists a path between y and y' of 
length less than 2r. Since y' G there exists a point P G OVLt H {t = to — 2r 2 } such that 
d p (^4~(x , t ), P) < 2r. Replacing r with \/2r, we get a point P' = (x\, ti) G <9f2Tn{t = t — 4r 2 } 
such that dp(^4^(x ,to),-PO < 1\[2r. Now let A+(x ,£o) = {x',t'). We have ^(xi,^') < 
d(xi,y') + d(y',x ) + ^(xo,^') < 2r + r + r = 4r and t' — t\ = 2r 2 + 4r 2 = 6r 2 , so that 

( x o,to) <E C 4r (P). By Lemma [3121 we have G(A+(x , t ), x,t) < cG(A ir (P),x,t). We can 
then use the Harnack principle to get from A ir (P) to A~(x ,t ). 

To get the first statement in the lemma, we need to use Lemma [3. 121 for the adjoint subel- 
liptic heat equation. □ 

We now have all the tools we need to prove the doubling property of the caloric measure: 
Proof of Theorem 11.21 Assume that t — t > 10r 2 so that u* = u. By Theorem ll.il we have 

w(x,t,A(x ,to,r)) < c\B d (x,2r)\G(x,t,A^.(x ,to)), (4.2) 

and using Lemma [4.21 we get 

|P d (x,2r)|G(x,t,^ r (x ,to)) < c\B d (x,2r)\G(x,t,A+(x ,t )). (4.3) 

Using (12. ip and the interior Harnack inequality (Lemma 13.11) for the adjoint equation we get 

\B d (x,2r)\G(x,t,At(x ,t )) < c\B d (x,r)\G(x,t, A+(x ,t )), (4.4) 

where the constant is independent of r. Now, by Theorem ll.il we have 

\B d (x,r)\G(x,t,A+(x ,t )) < cu(x, t, A(x , t , r/2)). (4.5) 

Combining (14 .2 1) -( 1431) . we get the desired result when u* = lo. An analogous argument proves 
the theorem for u* = Cj. □ 

5 Holder continuity of quotients 

First we will prove a lemma, which is a generalization of Lemma 2 in [6]. It is needed to get 
around the fact that we cannot approximate firflC r (xo, to) with an NTA domain. In particular, 
the approximation in Lemma 12.51 does not satisfy the inner corkscrew condition, only the outer 
one. 

For (xo,to) G St, we let U r be a set which is regular for the Dirichlet problem and which 
satisfies C 8r (x ,to) C U r C Cg r (x ,to). We let u r be the X-parabolic measure with respect to 
U r fl fir, and G r be the Green function with respect to U r fl Qt- 

Now set 

F = d p n T n [(B d (x , 6r) x [t - 36r 2 , t + 4r 2 ]) \ C 2r (x , t )] . 

We can choose (xj,tj) G St such that {C^Xi^i)}^ is a covering for F, and {C_2_(xj, tj)}f =1 
are disjoint. It is clear that N is independent of r due to the definition of F. Now, we let 

N 

H(x,t) = y^ j L0 r (x,t,A 2 r/i{xi,t i )) + \B d (x,r)\G r (x,t, A^ r (x ,t )), 
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and we note that H(x, t) is a solution to the subelliptic heat equation. We continue with a 
lemma and a theorem which constitutes the main tools in the proof of Holder continuity of 
quotients, Theorem 11.31 

Lemma 5.1 If I is large enough, there exists c = c(M) > such that H(x,t) > c for (x,t) G 
Q T n d p C 4 r(x ,t ). 

Proof: By Lemma 13.41 we have u r (x, t, A 2r n(xi, tj)) > c for (x,t) G PI C r n(xi, tj). This 
proves the lemma in the case 

N 

(x, t) G Vt T n <9 p C 4r (xo, to) H (J C r /i{xi, U). 

Now take (x, t) G [Qt H 9pC4 r (x , to)] \ Ui=i Cr/i( x i, U)- It is easy to see that in that case, 
d(x,t,d p flT) > v/2l. By first the Harnack inequality and then Lemma [4.21 we have 

\B d (x,r)\G r (x,t, A^ r (x ,to)) > c\B d (x,r)\G r (A2 r (x Q ,t Q ),A^ r (x ,t Q )) > 

> c\B d (x,r)\G r (At r (xo,to),A^ r (x ,to)) = (*). 

By the Harnack inequality, then Theorem ll.il the Harnack inequality again, and finally Lemma 
13.41 we get 

(*) > c\B d (x,r)\G r {A+ r (xo,t ),A;(x ,t )) > cu r {A+ r (x , t ), A(x , t , r/2)) > 

> cu) r (A r / 4 (x ,to), A(x ,t Q ,r/2)) > c. 

We then have H(x,t) > c > 0. Note that the boundary of U r does not satisfy the inner 
corkscrew condition, however, none of the tools used in this proof are such that they require 
this condition. □ 



Remark 5.2 Let Qj r be the adjoint X -parabolic measure with respect to U r R f2r and define 
F = d p Q T n [(B d {x , 6r) X [t - 4r 2 , t + 36r 2 ]) \ C 2r (x Q , t ) 



Then again we can choose (xi,ti) G St such that {Cz{x^ ti)}f =1 is a covering for F, and 
{C^_(xj, ti)}f =l are disjoint. Then, if we define 



N 



H(x,t) = y^^x, t, A 2r /i{xi, tj)) + \B d (x,r)\G r (At r , x,t), 



8=1 



and if I is large enough, there exists c = c(M) > such that H(x,t) > c for (x,t) G Qt H 
d p C 4r {xQ, to)- r/izs can be proved arguing as in Lemma \5.1\ using properties of the adjoint 
operator rather than properties of the operator itself. We omit the details. 
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Theorem 5.3 Assume A3. Let u, v be non-negative solutions to either the subelliptic heat 
equation or the adjoint subelliptic heat equation in f^nC^o^O; to) ■ Let (xq, to) G St and let r < 
min{r /20, yJ(T — t )/20, ^/t /20}. Assume thatu andv vanish continuously on A(x ,t , 10r). 
Then there exists a constant c = c(H,M, dzam(fij-), T, r ), c > 1, such that 

u(x,t) < u(A^.(x ,t Q )) 
v(x,t) - v{A^ r (x ,t )) 

if u, v solves the subelliptic heat equation, and 

u(x,t) < u(Afr(x ,t Q )) 
v(x,t) - v(A^.(x ,t )) 

ifu,v solves the adjoint subelliptic heat equation, whenever (x,t) G H C r (xo, to). 

Proof: Assume that u and v solves the subelliptic heat equation. According to Lemma 13.71 
and Lemma [5. II we have 

u(x, t) < Cu(A+(x , t ))H(x, t) (5.1) 
for (x,t) G fir H d p Ci r (xo, t ). Let 

N 

H*(x,t) = J~]u) r (x,t,A2r/i{xi,ti)) + \B d (x ,r )\G r (x,t, A^ r (x ,to)). 

i=l 

We introduce this function because, unlike H(x,t), it will be a solution to the subelliptic heat 
equation. By ([23]) we have C~ 1 H(x,t) < H*(x,t) < CH(x,t) for (x,t) G Q T n d p C 4r (x , t ). 
By the maximum principle we can then conclude that ( 15.1 ft holds in H CV^o, to). 
We want to show that 

t) > C«(Ag;(a;o, t ))#(x, t) (5.2) 

for (x,t) G fiy H C r (xo,to) (in that case we are done). 

We can find a independent of r such that C a (A^ r (xo, to)) C U r D f^r- As in the proof of 
Theorem II. 1[ we let 

A = {(x, t) G C/ r n fi r : t = t - 2(4r) 2 } \ C Qr/2 (Aj r (x , t )) 

£ = {(x,t) G 9C Qr/2 (A 4r (x ,to)) : t > to - 2(4r) 2 }. 

If (x,t) G A, or (x,t) G <9([/ r nfi T ) with t > t - 2(4r) 2 , then \B d (x,r)\G r (x,t,A± r (x ,t )) = 0. 
If (x,t) G 5, then Lemma EH and ([211]) imply that |5 d (x, r)|G r (x, t, A^ r (x , t )) < C. By the 
Harnack principle, we have v(A^ r (xo, to)) < Cv(x,t) in A, so the maximum principle gives 

w(x,t) > C| J B d (x,r)|G r (x,t, Ag.(x ,to))v(Aj r (x Q ,to)) (5.3) 

for (x,t) G {(x,t) eU r nn T :t>t - 2(4r) 2 } \ C m ./ 2 (Aj r (x , t ). 
We would now like to show that 

H(x,t) < \B d (x,r)\G r (x,t,Aj r (x ,t )) (5.4) 
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in Qt H C r (xo,to). Note that Qt H C r (xo,to) C \ Uj=i Ci6r/«( x «> ^) if ^ i s small enough, so 
that we can apply Remark 14.11 to show that 

u(x,t,A 2r /i(xi,ti)) < C\B d (x,4r/l)\G r (x,t,A~ r/l (x ,t )) < C\B d (x,r)\G r (x,t,A^ r (x ,to)) 

(5.5) 

when (xi, U) G B d (x , 6r) \ B d (x , 2r). When i*) G £ d (x , 2r) x [i Q - 36r 2 , t - 4r 2 ], we can 
get (15. 5ft by means of Theorem 11.11 instead, which completes the proof of ( 15. 41) . By ( 15.4ft and 
(15. 3p combined, we get (15. 2p . 

If u and v solve the adjoint subelliptic heat equation, we can argue in a similar manner, 
using Remark 15.21 instead of Lemma 15.11 and with H* (x, t) replaced by 

N 

H*(x,t) = ^ Lb r (x, t, A 2r /i{xi, U)) + \B d (xo,r )\G r (A^ r (x ,to),x,t), 

i=l 

which is a solution to the adjoint subelliptic heat equation. We omit the details. □ 

We now have the necessary tools to prove Theorem 11.31 In fact, the proof follows directly 
using the proof of Lemma 4.2 and Theorem 1.2 in [TT] when u, v solves the subelliptic heat 
equation. If u, v solves the adjoint subelliptic equation, the proof is similar, using the adjoint 
estimates. We omit the details, but remark that when we refer to Lemma 3.3 in [TT], this 
corresponds to Lemma [3.61 in the present paper. 



6 Fatou Theorem 

The goal of this section is to prove Theorem 11.41 Our approach rely on the use of certain kernel 
functions for H in Q, and for this purpose, let S denote the lateral boundary of Q. 

Definition 6.1 A function K : Q x d p Q — > IR + U {+00} is a kernel function at (y,s) G d p Q, 
normalized in (X ,Ti) G Q, if 

(i) K(X ,T 1 ,y,s) = l, 

(ii) K(-, -, y,s) > is a weak solution of Hu = in fl. 
(Hi) K(-, •, y, s) is continuous in Q \ {(y, s)} and 

lim K(x, t, y, s) — 

(x,t,)->(y ,s ) 

if{yo,so) € d p tt T \{{y,s)}. If s>T, we will let K(x,t,y,s) = 0. 

Lemma 6.2 Assume A3. Then there exists a unique kernel function (for H and Q) at 
(y, s) G d p Q normalized for (Xq,Ti) if < s < T\ — 5 2 . 

Proof: Let (y, s) G d p Q with < s < T\ — 5 2 and define the following 

$ n = {{x, t) : d{x, y) < 2~ n , -4T n <s-t<2- 4" n }, 

^ = (%nO>s})\C, 
a n = d p <£> n n HfT, 

P n = {(x, t) G a n : t > s + 4~ n , d(x, dQ) > 2" n /2M}. 
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Note that (3 n is not empty, since A£(y,s) G (3 n . We let u n be the X-caloric measure with 
regard to the domain Qj, (note that this is possible since flj, is regular for the Dirichlet problem; 
see Lemma 1231) . 

As in the proof of Theorem 2.7 in [13J, we prove that 



K(x,t,y,s) = lim-^4^ (6.1) 

is a kernel function. To prove uniqueness, we first claim that if v is another kernel function at 
(y,s), normalized at (X ,Ti), then there exists a constant C = C(H, M, r ) such that 

v{x,t) > CK{x,t,y,s) (6.2) 

for all (x,t) G Q (note that it is trivially true for t < s). If this claim is true, we proceed as in 
the proof of Theorem 1.7 in Kemper |19j . 
To prove (16. 2p . we first observe that 

v(x, t) = v(£, r)u n (x, t, f , r) > inf v(x, t)u n (x, t, f) n ), 

JdpQ^ I 3 " 

and that due to the Harnack inequality, we have 

miv(x,t)>Cv(A+ +1 ). 

Combining these, we get 

v{x,t)>Cv{A+ +1 )u; n {x,t,/3 n ) (6.3) 

for (x,t) G VLj, . By Lemma I5TH1 we also have v(x,t) < Cv(A^ +1 ) for (x,t) G f2\ C 2 -n(y, s). The 
maximum principle gives 

v(x,t) < Cv(A+ +1 )u) n (x,t,a n ), (6.4) 

for (x,t) G fij. , since a n C Q \ C 2 - n (y,s). Combining (16. 3p and (16. 4p . and setting (x,t) = 
(Xq,Ti) in the latter, we get 

w n (Ao,ii,a n J 

for (x,t) G fiy . To prove ( 16. 2ft . it is enough to prove that 

w„(X , Ti, On) < Cw n (X , Ti, /3 n ). (6.5) 

Since f2 is an NTA domain, we can find a point (xi,ti) G (3 n such that A 2 -n/2Af(^i, ti) C (3 n 
and such that t\ = to + 2 • 4~ n , that is, such that (x\, ti) is on the "top" of (3 n . By the Harnack 
inequality and the proof of Lemma I3.4[ we have 

u n (X Q ,T u p n ) >co n (X ,T 1 ,A 2 - n/2M {x 1 ,t 1 )) > Ccu n (x 1 ,t 1 + 2- 2n /8M 2 ,A 2 - n/2M (x 1 ,t 1 )) > C. 
Since u n (X Q ,Ti,a n ) < 1, we have proved (I6.5p . so we are done. □ 

Now that we know that the kernel is unique, we can also define it as 

K(x, t, y, s) = lim ^f'^ A ^ (6.6) 
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since this expression also satisfies Definition 16.11 in the same way that ( 16. ip does. From now 
on, when working in Qj< we wm always assume that the kernel is normalized in T% = T + 1 so 
as to avoid the limitation t < T\ — 5 2 in the previous theorem. 

Lemma 6.3 Assume ( TO]) . Let (x ,t ) G S T - If r < min{r /2, y/T - to/4, y/io/4}, then 
lim snp{K(x,t,y,s) : (y, s) G d p Vt T \ A(x , t , r)} = 0. 

(x,t)-^{xo,to) 

Proof: Let (xq, to) G St- Using Lemma [231 we let D r be a set which is regular for the Dirichlet 
problem and such that B d (x ,r/8) C D r C Bd(xo,r/4). Let Z? r = D r x (£ — r 2 /16, t — r 2 /16) 
and let h r (x,t) be the H-parabolic measure of d p D r fl fi^ relative to D r fl fiy. By Lemma |3~T1 
and the Harnack inequality, we have 

K(x, t, y, s) < CK{A+ 4 {x , t ),y, s) < CK(X , T x , y,s) = C 

when (x,t) G C r /4(xo, t ) flf2 r . Note that C in fact depend on r. Using the maximum principle 
and then taking the supremum over (y, s), we get 

sup{K(x, t, y, s) : (y, s) G d p Q T \ A(a; , t , r)} < CA r (x, £) 

for G -D r fl fi r . Letting (x,t) — » (x ,to)> we are finished, since h r (x ,t ) = 0. □ 

Remark 6.4 We can also prove Lemma \6.3\ when t = 0, using (Hi) in the definition of a 
kernel. 

We can prove the following lemma as in the proof of Theorem 1.10 in [T9], using Lemma 
13.91 in the present paper when they refer to Lemma 1.4 in |19j . 

Lemma 6.5 Assume ( fff.ij ). If u is a non-negative solution of Hu = in Qt, there exists a 
Borel measure v, depending on u, on d p Qx, such that 

u(x,t)= K(x,t,y,s)dv(y,s), 

J 8 p Qt 

where K(x, t, y, s) is the kernel function for H and Qt, normalized at (X Q , T x ). 

Lemma 6.6 Assume A3. Let r < min{r /2, y/(T — t )/A, ^/t /A}, (x ,t ) G S T . Let u and 
v be two non-negative solutions of Hu = in Qti, and assume that u and v vanish continuously 
on dpQ,Ti \ A r /2(xo, to) ■ Then there exists a constant c = c(H, M, r , X , diam(Q),T) such that 

u(X 0> TaMj4+(a;o,*o)) < Cv{X Q ,T x )u{A+{x Q M))- 

Proof: By Lemma 13791 we have u(X ,Tx) < Cu(A+(xo, to))u(X , T\, A 2r (a;o, to)), for (X T X ) G 
^T\C r (xo, to). Let Q r = {(x,t) G fi Tl :t>s}\ $ r , where <3> r is the same as <3> n in the proof of 
Lemma I6.2[ but with 2~ n replaced with r. We then get 

v(Xo,T x ) > Cu(^+(a;o,to)K(Xo,Ti,/3 r/2 ), 
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in the same way as (16.31) . Combining what we have so far, we get 

n(v TW4+^ + " <- ^(*o,^iM^(so,*o)M^o,?i, A 2r (x ,to)) 

M(A , J lMA- (X , t )) S O r . 

W n (,Ao, J i, Pr/2) 

Finally, we argue as in the proof of ( 16. 5ft to obtain 

u;(X ,Ti, A 2r (a;o,to)) < ^ 

which completes the proof. □ 



Lemma 6.7 Assume ( TO]) . Lei (x ,t ) e <9 p f2 T - J/r < min{r /2, \/(T - t ) /4, y'yi}, t/iere 
exists a constant c = c(H, M, r , X , diam(Q), T) such that 

C 

sup (x , t ), y, s) < r-. 

(j/,s)eA(ao,*o,r) Wjc(A , i i, ZA(£ , to, ?" )) 

Proof: The proof is essentially the same as for Theorem 2.11 in [13]. It uses Lemma [6.61 and 
flfhED - □ 

For (y, s) e d p Q T , we let Aj(y, s) = A(y, s, 2 3 r) and Rj(y, s) = Aj(y, s) \ Aj-i{y, s). 



Lemma 6.8 Assume / TO]) . Let (x ,t ) e d p Q T and let r < min{r /2, y/(T-t )/4, \/to~/4}. 
Then there exists a sequence {Cj} of positive numbers, which depend on H , M , Tq, Xq, diam(Q), 
and T (but not on r or (xo, to) ), such that 

C ■ 

sup K{At r {x ,t ),y,s) < 3 — -. (6.7) 

(y,s)eRj(.x ,to) H A 0, J-l, ZAj^Xo, t )) 

Moreover, Ylj^j < 00 ■ 

Proof: As a first step we prove that ( 16. 71) holds for a constant C independent of our choice of 
j. Now, for j = 1, 8, we have; 

sup K(A£ r (x ,t ),y,s) < sup K(A$ r (x , t ), y, s) 

(y,s)eRj(xo,to) (y,s)eAj(xo,to) 

<c sup K(A^ +lr (x ,t ),y,s) 

(y,s)<=Aj(x ,t ) 

c 

< . 

u{Xo,Ti,Aj{xo,to)) 

Above we used the definition of Rj and Aj in the first inequality, the Harnack principle in the 
second inequality and Lemma 16.71 in the last inequality. For j > 8, we know by Lemma 16.71 
that, 

C 

sup K{A+ +lr {x ,to),y,s) < ————— — . (6.8) 

(y,s)eRj(x ,to) U{JLq, ii, lAj{Xo, t )) 
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Now, we observe that for (y, s) G Rj(xo, to), K(-, ■, y, s) is a non-negative solution to the subel- 
liptic heat equation, vanishing on (at least) 

d p Q T \A 2 j-s r {y,s). 

Therefore, we use Lemma [3781 to get 

K(x, t, y, s) < CK(A+_ 4r (y, s),y, s), (6.9) 

for all (x,t) G QT\C 2 j-'ir(y, s )- F° r (jJi s ) G Rj(xo,to), let 

(Vo,r, s ,r) = ^+i r (^o, *o) and (j/ r , s r ) = A+_ 4r (y, s). 

Then |?/o,r — Ur\ is bounded by C2 J r, while so, r — s r > 2 2j+1 r 2 . Hence, using the Harnack 
principle we obtain 

K{A+_ 4r {y, s),y, s) < CK{A+ +lr {x , t ),y, s). (6.10) 
Further, using (I6.9P and (16.101) . and for all (x,t) G flT\C 2 j-4 r (y, s ), we have that 

K(x,t,y,s) <CK(A+ +lr (x ,t ),y,s). (6.11) 

Let (x,t) = A 2r (xQ,t ) in (16. lip , and using (16.81) . we get 

C 

sup K{A+{x , t ),y, s) < — . 

(y,s)eRj{x ,t ) U{A. , li, l±j{X , T ) 

This is indeed justified, since A 2r (xo,to) G f2r\C 2 j-4 r (y, s ) f° r 3 > 8- 

By Lemma 12.51 we can let Uj be a set which is regular for the Dirichlet problem and which 
satisfies B d (x ,2 j - 2 r) C Uj C £ d (x , 2 J '-V). Let E i = fi r n (£/,■ x [t - 4* _1 r, to + 4 J ' _1 r]), and 
let /ij be the X-caloric measure of Qt H <9 p £j with respect to Sj, that is, 

/ij(x, t) = uj(x, t, Q T fi dpTij, Tij). 

By definition, we have the following; 

hj(A% r (x , t )) = u{A% r (x , t ), fir H d p Ej, £,-), 

and, in particular, hj is the solution to 

J .ff/ij = in £j, 

1 = Xpirnfi^] on dpZj. 

By the maximum principle, we then have 

sup K(A£{x , t ), y, s) < — -. 

(y,s)eRj(x ,to) ^l A 0> J l> ^jl^O? H)JJ 

What is left to prove is that ^2j hj(A 2r (xo,t )) < oo, and we will use Lemma 13761 to do that. 
First, we note that 



d p (A+(xo,t ),x ,to) < ((2r) 2 + 2(2r) 2 )) 1 / 2 < Vl2r < 4r 
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The largest cylinder C^r we can consider when using Lemma 13.61 has radius 4R = 2 J 2 r, or 
R = 2i~ 4 r. Further, A+ r (x ,t ) £ C R (x ,t ) if R 2 > 2(2r) 2 = 8r 2 , that is, R > 2y/2r. In 
particular, the calculations that follow apply for all j > 8. Now, using Lemma 13.61 on Sj, we 
get 



/ 4r \ a 

hj(At r {x ,t )) < c sup hj 

r J n T nC„j_ Sr .(a:o,to) 



Q. T C\C 2 j- 5r {xoto) 

< c{2- J ) a . (6.12) 



In the first inequality we used Lemma [3.61 in the second that hj(x,t) £ [0, 1]. We know that 
a £ (0, 1), and therefore 2 a > 1 which means that ^2j >8 (2 a )~^ converges. In particular, using 
this observation with f!6.12p . and the fact that hj(A2 r (xo, to)) is finite for j = 1, 8, we obtain 

oo 

^2hj(A% r (x ,t )) < oo. 

i=i 

This completes the proof. □ 

We define a non-tangential region at P £ d p Qx as 

r Q (P) = {(x, t)eVl T : d p {x, t, P) < (1 + a)d p (x, t, o p n T )}, 

and the non-tangential maximal function as N a (u)(P) = swpr Xjt \ E ^fp) \u(x,t)\. We also define 
the Hardy-Littlewood maximal function of the measure v with respect to u(Xo,Ti) as 

m w i/ x, t = sup 11 : . 

r>0 u;(X ,Ti, A(x,t,r)) 
Lemma 6.9 Assume 113. If v is a finite Borel measure on O p VLt such that 



u(x,t) = K(x,t,y,s)du(y,s), 

J d p fix 

then for every (y, s) £ d p VL T there exists a constant c = c(H, M, r , diam(Q T ),T, a, ux(X , Ti)) 
such that 

N a (u)(y,s)<cM u (u)(y,s). 

Proof: The proof is essentially the same as Theorem 2.13 in [13]. It uses Lemma [6.5[ Lemma 
I6.8[ the Harnack inequality and Lemma 13.101 □ 

Proof of Theorem II. 4t By Lemma 16.51 we can write 

u(x,t)= K(x,t,y,s)dv(y,s), 



and we can make the decomposition dv = fdu(X ,Ti) + dv si where dv s _L du(X Q ,Ti) and 
/ £ L 1 {d p n,du(X Q ,T 1 )). So we have 

u(x,t) = / f(y,s)K(x,t,y,s)du{X ,T 1 ,y,s)+ K(x,t,y, s)du s (y, s) = u a {x,t)+u s (x,t). 
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Let F be the support of v s . A standard strategy using Lemma [6791 (see for instance [U Theorem 
4.4]) shows that u a (x,t) — > f(y,s) when (x, t) —> (y,s) in T a (y,s) almost everywhere on d p Q 
with respect to u(X ,Tx). Moreover, if (y, s) ^ F, u s (x,t) — > when (x,t) — > (y, s) in T a (y, s) 
by Lemma 16.31 This concludes the proof. □ 
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